In a recent paper Külshammer, Olsson, and Robinson proved a deep generalization of the Nakayama conjecture for symmetric groups. We provide a similar but a shorter and relatively elementary proof of their result. Our method enables us to obtain a more general H-analogue of the Nakayama conjecture where H is a set of positive integers.
Introduction
Let G be a finite group, let p be a prime, and let F be an algebraically closed field of characteristic p. The group algebra F G may be written as the direct sum of minimal two-sided ideals called p-blocks. Each complex irreducible character χ of G is associated with a unique p-block B. We say that χ is in the p-block B. In the special case of the symmetric group G = S n , the complex irreducible characters are naturally labelled by partitions of n. In 1940 Nakayama [5] conjectured that two irreducible characters χ λ and χ µ are in the same p-block of S n if and only if the partitions λ and µ have the same p-core. Nakayama's conjecture was proved in 1947 by Brauer and Robinson [1] . Since then, several different proofs were published the shortest of which is probably the work of Meier and Tappe [3] .
of part of the p-modular representation theory of a finite group where d ≥ 2 is an integer not necessarily a prime. Let G be a finite group. Let C be the union of a set of conjugacy classes of G, and let Irr(G) be the set of complex irreducible characters of G. Külshammer, Olsson, and Robinson defined a Cblock to be a non-empty subset B of Irr(G) which is minimal subject to the following condition. If χ ∈ B, ψ ∈ Irr(G), and if there exists a natural number k and a sequence χ = χ 0 , . . . , χ k = ψ so that for all 0 ≤ i < k the truncated inner product of χ i and χ i+1 across C, that is, the inner product
is not 0, then ψ ∈ B. It is a basic fact of p-modular representation theory, that if C is the set of all elements of G with orders not divisible by a prime p, then the C-blocks of G are precisely the subsets of Irr(G) corresponding to the usual p-blocks of G. One of the main results of [2] is the following beautiful generalization of the Nakayama conjecture. Let G = S n , and view S n as a permutation group of degree n. set of positive integers. Following [2] we say that a permutation (of finite order)
is H-regular if for all h ∈ H no cycle (of its disjoint cycle decomposition) has length equal to h. Let C be the set of H-regular elements of S n , and define the H-blocks of S n to be the C-blocks. Our main result is the following. 
The Inclusion-Exclusion Principle
In this section we only deal with the situation when H = {1}. By the InclusionExclusion Principle, the proportion of H-regular, that is, fixed-point-free permutations in the symmetric group S n is
where the first inner product denotes the truncated inner product across Hregular elements in S n (see (1) for the definition), the other inner products are the ordinary inner products in the groups S n−i (n > i), and χ (0) , χ (0) = 1.
Notice that the summands on the right-hand-side of (2) have alternating signs, but the sum itself is not 0. Also, formula (2) can easily be generalized in the following way. Let χ λ be an arbitrary irreducible character of S n . Then we have
where Res Sn−i (χ λ ) denotes the restriction of the character χ λ to the group
The summands on the right-hand-side of (3) again have alternating signs, but can we conclude that the sum is not 0? The answer is yes. Let us give a proof.
For convenience, for each 0
By the branching rule, K i (for i < n) is the number of ways we can 'get down' to the partition (n − i) by removing i removable boxes from the Ferrers diagram of the partition λ. The ordering of the boxes to be removed is important. Consider the set {1, . . . , i}. Let us put i in the first box to be removed from λ, the number i − 1 in the second, and so on. We get a diagram (not necessarily a partition)
full of numbers such that the numbers increase in each row and each column.
We only note that K i is the degree of the relevant skew character, and also the number of standard tableaux of shape λ − (n − i).
In this paragraph we show the inequality 
We claim that in every term in parentheses in (4) and (5), the first summand is not smaller than the second in absolute value. Indeed, for all i ≥ m we have
! by our previous observation. This means that in both cases the terms in parentheses are either all non-negative or all non-positive.
Hence it is sufficient to see that the last terms in parentheses in (4) and (5) are non-zero. But this is obvious in both cases since K n−1 = K n = 0 and K n+1 = 0.
This proves that the expression (3) is not 0.
We showed part (ii) and hence part (i) of Theorem 1.1 in case H = {1}.
The Murnaghan-Nakayama rule
In the previous section we generalized equation (2) to get formula (3) . In this section we will make further generalizations. Let H be an arbitrary set of positive integers. Let χ λ , χ µ be two complex irreducible characters of S n . We will present a formula for the truncated inner product of χ λ and χ µ across H-regular elements of S n , which we denote by χ λ , χ µ H .
For non-negative integers h and i with hi ≤ n, and for a partition δ of n−hi,
λ,δ be the set of paths P in the lattice of partitions, obtained by removing i hooks of length h to go from λ to δ. Each path P has a sign σ P , defined as (−1) t(P ) , where t(P ) denotes the sum of the leg lengths of the hooks in P .
Define m h,i λδ to be σ P where the sum is over all paths P in P The Murnaghan-Nakayama rule states that whenever x = y i · z is a permutation of n points so that y i is a product of i disjoint cycles each of length h and z is a permutation of the n − hi points fixed by y, then we have
where the sum is over all partitions δ of n − hi, the corresponding characters are irreducible characters of S n−hi for hi < n, and where χ ∅ = 1 for hi = n.
Let H be an arbitrary set of positive integers, and suppose that h / ∈ H. Since the number of y i 's as above is
where the first sum is over all H ∪ {h}-regular elements x of S n and the third is over all H-regular elements z of S n−hi . By substituting the MurnaghanNakayama rules (see (6) ) for χ λ (y i z) and χ µ ((y i z) −1 ) into the right-hand-side of (7) we obtain
where the third sum is over all partitions δ and δ of n − hi. After dividing both sides of (8) by n! we get 
where the second sum is over partitions δ, δ of n − hi. This completes the proof of part (i) of Theorem 1.1.
The Osima rule
In general it seems to be very difficult to determine directly whether the expression (9) is 0 or not. In fact, we can only answer the question by moving from S n to the generalized symmetric group Z d S w . The situation is similar to the following example taken from 'real life'. Imagine a huge but very thin carpet.
We want to measure its width. One way of doing this is to roll it up and count its layers.
In this section we will derive an analogue of Theorem 3.1 for generalized symmetric groups. We also have the following.
Theorem 4.1. For every subset H of the positive integers and for every positive
integer h ∈ H, we have
where the second sum is over quotients β δ , β δ of weight w − hi.
Proof. The proof is similar to that of Theorem 3.1. For each i we count the number of possible y i 's, we write up the Inclusion-Exclusion Principle, and apply
Osima's formula.
In particular, we see that
holds where the first sum is over H ∪ {h}-regular, the fourth over H-regular in [4] , and is implicitly mentioned without proof on Page 86 in [7] .
With these notations we can state 
Proof. As at the end of Section 3, we may (and do) suppose, without loss of 
χ (1) is an integer, and it satisfies the congruence
Notice that if ψ (1) 
This means that we may (and do) suppose that the character ψ in the statement of the theorem lies over the trivial character 1 of the base group. Then by Frobenius reciprocity we have
where the first sum is over H(d)-regular elements x of Z d S w and the second is
By our assumption at the beginning of this paragraph, we may conclude that the right-hand-side of (12) is congruent 
Since the right-hand-side of (14) is 0 whenever µ = ν, the set B is a union of 
